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Measurement of Thermal Diffusivity Using Deformation Gradient
and Phase in the Photothermal Displacement Technique
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As technology advances with development of new materials, it is important to measure the

thermal diffusivity of material and to predict the heat transfer in the solid subject to thermal

processes. The measurement of thermal properties can be done in a non-contact way using

photothermal displacement spectroscopy. In this work, the thermal diffusivity was measured by

analyzing the magnitude and phase of deformation gradient. We proposed a new data analysis

method based on the real part of deformation gradient as the pump-probe offset value. As the

result, compared with the literature value, the measured thermal diffusivities of materials showed

about 3% error.
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¢ . Displacement potential function
¥ . Love function

1. Introduction

There has been the increase of interest in using
photoacoustic and photothermal techniques to de-
termine the structural, thermal, and optical pro-
perties of materials. Recently, the photothermal
techniques based on photothermal radiometry,
photothermal refraction, photothermal deflection,
and photothermal displacement have been deve-
loped to measure the thermal diffusivity of solid
or liquid (Chen and Mandelis, 1992 ; Cheng and
Zhang, 1991 ; Salazar et al., 1991). In particular,
the photothermal displacement method based on
the modulated heating, developed in the early
1980s by Olmstead et al. and by Balageas et al. is
generally used for thermal characterization or
nondestructive testing of solid samples (Olmstead
et al., 1983 ; Balageas et al., 1986).

The photothermal displacement uses basically
two laser beams, one for heating the sample
(pump) and the other (probe) to detect, through
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the optical beam deflection effect, the produced
thermoelastic deformation. The theoretical and
experimental analyses of the photothermal dis-
placement technique aiming at determining the
thermal diffusivity have been performed by many
authors (Ogawa et al., 1999 ; Jeon et al., 2002). In
previous studies, thermal diffusivity was deter-
mined from a deformation curve, a phase curve,
or a characteristic frequency. In order to deter-
mine the thermal diffusivity through a photo-
thermal displacement, there are a few methods
that minimize the error between the experimental
and theoretical phase angle or deformation curve
with a variable thermal diffusivity at the charac-
teristic frequency. However, these methods have
a relatively large error and need long time to
analyze the experimental results because it is
dependent on several optical and thermal proper-
ties. The phase curve and characteristic frequency
methods require a complicated theory and a ref-
erence material, respectively. In this paper, we
demonstrate that the thermal diffusivity can be
very simply determined from the “minimum posi-
tion” of phase curve and “zero-crossing position”
of the real part of deformation gradient.

2. Theory and Principle

As shown in Fig. 1, the pump beam incident on
the sample surface is absorbed by a sample of
thickness L. The resulting deformation of the sur-
face is observed by the deflection of a probe beam
reflected from the surface of the sample at a pump-
probe distance ». “Deflected” and “Undeflected”

Heating /4 Deflected

beam
Prob . V/Ijndeﬂected
beam
iy r;
D =2du/dr {‘L'

;
o z
Y Y

Fig. 1 The Principle of a measurement and theo-

retical model

refer to the paths of the probe beam after reflec-
tion with and without the deformation, respec-
tively.

To obtain an expression for the photothermal
deformation, we consider homogeneous and iso-
tropic infinite plate of finite thickness (L) with
stress—free boundaries, no thermal conduction to
the surrounding gas, and irradiated by a sinu-
soidally modulated laser beam of power (B),
incident on the sample normal to the sample
surface (Jeon et al., 2002 ; Nowachi, 1986).

The temperature distribution within the sample
is given by the solution of the following thermal
conduction differential equation :

VET (7,2, t) +%Q(7, z, t) =%~8T(+&t>, (1)
with boundary conditions
oT _

A= @

where T (7, 2, t) is the,temperature in the sam-
ple, % is the thermal conductivity, @ is the thermal
diffusivity, and @ (7, z, t) is the power deposited
by the heating beam per unit volume.

The source term Q (7, 2, ¢) is described by a
linear absorption of a Gaussian laser beam with
(1/e) radius that is modulated with frequency
f=w/2x. We denote the total power of the inci-
dent Gaussian laser beam by Fj and write for the
source term,

Z%e’”’“z—“( I+cos(wt)},(3)

Qlr.z t)
where R is the reflectivity, A is the absorption
coefficient, and ¢ is the radius of pump beam. The
heat source, @(», z, t). consists of the time-
independent and oscillating parts. But the time-
independent part can be neglected because it does
not contribute to the photothermal signal.

Due to the cylindrical symmetry of the prob-
lem, the differential equations describing the dif-
fusion process can be solved by Hankel trans-
form techniques. The solution for the temperature
distribution is governed by an integral over single
variable §, representing the Hankel variable in
the radial direction :
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X {tanh(£2) —coth (L) +e™*/sinh (£L)}

where Jo(87) is the Bessel function of 0™ order
and £=(8*+iw/a) "

Assuming that the variation of the temperature
field with time is small, the inertia terms in the
thermoelastic equation may be neglected (Du-
hamel’s assumption). Then, the thermoelastic
equation with temperature 7 (7, z, ) is given by

(1=20)V@+V(V-@) =2(1+v) aaeVT (5)
with stress-free boundary conditions
O'rz|z=0,L=0, 0‘zz|z=0,L:0, <6>

where v is the Poisson’s ratio, # is the displace-
ment vector, d is the thermal expansion coeffi-
cient, 0 and gz are the two stress components,
and T is the temperature rising, inside the sample,
previously obtained in Eq. (4). Because of the
geometry of the pump beam, the solution (7, 2)
can be expressed in cylindrical coordinates by
introducing the displacement potential ¢ and the
Love function ¢ as follows:

7=V{2(1—0) VY=V (V- ¥}/ (1=20v) (7)

where ¢ and ¢ are governed by the following
differential equations

Vig=—1TLanT (®)
Viy=0 (9)

Note that, in order to express of the deflection
angle, one needs only the normal component of
the displacement %, at 2=0 so as to calculate the
gradient in » as follows

u: | _ (1+0) aghP/iZ/w 82 ds]1(87) e
2nkL 0 -
= 75H (8) [(—1)?—cosh(£L) ]
=1 £(8°+73) (€24 3) sinh (EL)

where J1(8r) is the Bessel function of first or-

or z=0_

(10)

der and

H(8)=[sinh®(8L) + (—1)?8Lsinh (L) ]
x [82L%—sinh?(SL)].
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For the known thickness of material and radius of
the pump beam, the phase is determined by the
integral term in Eq. (10), which is a complex
number and a rather intricate integral term in-
cluding thermal diffusivity, etc. In terms of the
thermal diffusivity and the modulation frequency,
the thermal diffusion length is given by L= (a/

7Tf) 1/2.
3. Experiment

The experimental arrangement is shown in Fig.
2. The pump beam is obtained by the acousto-
optic modulation of a continuous-wave laser
beam delivered by an Ar+ laser (wavelength :
488 nm), and typically, 0.7 W of energy was used
to heat the sample. The beam power in front of
sample decreases to 0.3 W approximately passing
through the acousto-optic modulator, the lens,
the mirrors, and the collimator. Considering the
reflection of sample surface, the absorbed energy
is estimated to be about 0.2 W. It was critically
important for the pump beam spatial profile to be
Gaussian. The typical pump beam spot size on the
sample was approximately 55 #m in radius at the
1/e point. The probe beam is provided by a He-
Ne laser (wavelength : 633nm), with a power of
10 mW and a beam diameter of 40 um. The beam
sizes on the sample surface were determined by
the Knife-edge method. Both the pump and probe
beams are expanded through collimators.

The pump beam is modulated at a frequency f
to create a steady periodic thermoelastic defor-
mation in the sample. The deflection of the probe

Tower laser |D )

N -T-T-) =

Computer

? virror |

Detectvn

Fig. 2 Schematic diagram of experimental setup
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Table 1 Optical and thermal properties of copper,
iron, and zincc L, a, k, awn, v, K, and A are
the sample thickness, thermal diffusivity,
thermal conductivity, thermal expansion
coefficient, Poisson ratio, reflectivity, and
optical absorption coefficient, respectively

Copper Iron Zinc
(99.98%) | (99.90%) | (99.80%)
L 0.82 1.04 0.78
ax 10 1.6 2.3 4.4
k 398 80.5 121
O X 10° 16.6 12 35
v 0.35 0.28 0.35
R 0.640 0.610 0.747
AX 1077 7.01 9.86 9.77

beam is measured by means of a Knife-edge and
a photodiode (Bayazitoglu and Ozisik, 1988). An
interference filter is put in front of the photodiode
to select only the probe beam wavelength. The
amplitude and the phase of the signal are mea-
sured by a lock-in amplifier, which is synchro-
nized at the modulation frequency.

The position of the probe beam is aligned with
the centerline of the deformation. At the center of
the deformation, the amplitude of the signal is
minimized and the phase is oscillated. After
aligning the probe beam and the pump beam
positions, the measurement is carried out by
traveling the probe beam along the centerline of
the deformation. The probe beam is moved rela-
tive to the pump beam using an arrangement of
mirrors and micropositioners. These micropo-
sitioners are controlled with an accuracy of £0.5
pm. Experiments were carried out on samples of
copper, iron, and zinc, which are polished using
alumina paste. Optical and thermal properties of
the samples are represented in Table I.

4. Results and Discussion

Figure 3 shows the typical plot of temperature
distribution at the surface. There is some differ-
ence according to the analysis condition such as
sample thickness, thermal diffusivity, thermal con-
ductivity, thermal expansion coefficient, reflecti-
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Fig. 3 Plot of temperature rise as a function of the
distance »{mm] from the beam center. Para
meters : using the thermal and optical prop-
erties of iron, L=1 mm, ¢=355 gm, B,=0.3
W, f=300 Hz

vity, and optical absorption coefficient, but the
maximum difference of temperature is about 1~
3K usually. Because the temperature increment is
very small, the measured value in this study could
be the thermal diffusivity of room temperature.
Figure 4 shows the deformation gradient, phase
and real part of deformation gradient at room
temperature, the solid line represents the cal-
culated result of Eq. (10). The theoretical pre-
dictions for the deformation the gradient and
phase of the signal well correspond to the mea-
sured values. The deformation gradient and real
part of deformation gradient curve were arbitra-
rily normalized. In Fig. 4{a), at pump-probe
offset » =0, which is the center of the surface
displacement, the deformation gradient of surface
is zero, and therefore, the probe beam is not
deflected and there is no signal at this point. More-
over, the signal becomes weaker and broader as »
increases, as expected. The data for the opposite
direction are not shown in Fig. 4, but the signal
has a mirror image. The phase decreases up to a
certain point, then starts to increase and appro-
aches an asymptotic value. The phase has a posi-
tion where the phase has a minimum value. The
position pms is defined as the “minimum posi-
tion”. The real part of deformation gradient is
similar to the deformation gradient, but it has a
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Fig. 4 The deformation angle, phase angle, and real
part of deformation gradient. Parameters : us-
ing the thermal and optical properties of iron,
L=1mm, a=55 um, P,=0.3W, f=904 Hz

position where the real part of deformation gra-
dient is zero. The position #, is defined as the
“zero-crossing position”. Both the minimum po-
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Fig. 5 Phase curve of copper for various thermal
diffusion lengths
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Fig. 6 Real part of deformation angle of various
thermal diffusion lengths

sition and the zero-crossing position are func-
tions of the thermal diffusion length, the sample
thickness, and the radius of pump beam. Espe-
cially, the thermal diffusion length exerts the
highest effect than other parameters.

Figures 5 and 6 show the phase and the real
part of deformation gradient for various thermal
diffusion lengths. The minimum position and the
phase angle increase as the thermal diffusion
length increases. Also, as the thermal diffusion
length of experiment conditions such as the mea-
suring material and the modulation frequency
increases, the pump-probe offset distance where
the real part of deformation gradient is zero
should recede in the center of heating beam. This
phenomenon occurs because the absorbed energy
in the material of which thermal diffusivity is



Measurement of Thermal Diffusivity Using Deformation Gradient and Phase in the Photothermal -

40 e

Relative error [%)]

P A R !
0.08 0.12 0.16 0.2 0.24 0.28
Thermal diffusion length {mm]
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Fig. 9 Zero crossing position versus thermal diffu-
sion length at radius of pump beam =55 um

high, diffuses over the larger area than materials
whose thermal diffusivity is relatively low. In
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addition, these results are caused by the fact that
the absorbed energy in the materials per period
reduces as the modulation frequency increases.
So, the absorbed energy diffuses to a relatively
small area.

In order to determine thermal diffusivity th-
rough photothermal displacement, there are a few
methods that minimize the error between the
experimental and theoretical phase angles or de-
formation curves with a variable thermal diffu-
sivity at the characteristic frequency. But these
methods have a relatively large error and need
long time to analyze the experimental results. In
this study, it is shown that the minimum position
and zero-crossing position only depend on the
thermal diffusion length and the pump beam
radius. So considering this characteristic relation,
as shown in Figs. 8 and 9, the simple equation is
obtained from the fixed pump beam radius.

4.1 Phase curve

When the thermoelastic deformation in sample
surface is generated by the pump beam, we can
determine the thermal diffusivity from the relation
phase curve and the pump probe offset value. The
slope of the phase signal with respect to the
relative position between the pump and the probe
beam along the sample is quite sensitive to cha-
nges in the thermal diffusivity of the sample. The
region where the measured and calculated phase
curves agree well is from a quarter to three quar-
ters of the minimum position. A thermal diffusi-
vity is determined when the standard deviation
between the measured and calculated phase curve
changing the thermal diffusivity in Eq. (10) using
a bi-section method, is minimized. Figure 7
shows the variation of relative errors, based on
the measured value between measured thermal
diffusivity and the literature value (Shackelford,
2000), against thermal diffusion length. In the
case of a thermal diffusion length less than 1.5
times the pump beam diameter, the relative errors
occurred about 20~ 30%. However, in the case of
a thermal diffusion length greater than 1.5 times
the pump beam diameter, the relative error is
gradually reduced to 2~3%. And if the thermal
diffusion length is greater than the sample thick-
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ness, then the measured and calculated phase
curves disagree because the assumption of in-
sulation at the rear surface of the sample is not
satisfied. Therefore, if the thermal diffusivity is to
be determined from the phase curve, the range of
the thermal diffusion length must be greater than
the pump beam diameter and less than the sample
thickness.

4.2 Minimum position

In Fig. 8, the thermal diffusion length nor-
malized to the thickness of sample, Lu&/L, is
plotted versus the minimum position normalized
to the thickness of sample, pmn/L. When the
radius of the pump beam is 55 #m and the sample
thickness is greater than 0.5 mm, the best fitting
relation between normalized thermal diffusion
length and normalized minimum position is given
by the 5™ order polynomial expression as follows

fgalte) o

where A,(n=0, 1, -, 5) are 2.93, —10.29,
13.77, —8.11, 2.29, and —0.25, respectively. From
the definition of thermal diffusion length, the
thermal diffusivity is determined easily and sim-
ply. For the known sample thickness and the
radius of the pump beam, therefore, thermal
diffusivity is determined by the measurement of
the minimum position.

The minimum position of the phase is deter-
mined by using a multi-parameter fitting of the
experimental data, and then the thermal diffu-
sivity is obtained from Eq. (I1). Since the phase
ot the signal is not stable where »<g and 7 is
also near the asymptotic value, these data were
not used for the fitting procedure. In experiments,
when L.;/L>0.9, low modulation frequency
corresponds to large thermal diffusion length and
small variation of phase difference for r. There-
fore, it is difficult to determine the minimum
position. For L,,/L <0.9, several different modu-
lation frequencies were used and the thermal
diffusivities corresponding to the different modu-
lation frequencies were obtained. It was found
that the maximum difference is within 3% of the

literature value. In the case of copper with
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0.82 mm thickness, the typical range of frequency
is from 80 Hz to 568 Hz. Figure 8 shows the ex-
perimental results for copper, iron, and zinc,
plotted versus the theoretical curve [Eq. (11)].
Regardless of materials, the quantitative agree-
ment between the theoretical curve and experi-
mental result is excellent.

4.3 Zero-crossing position

Salazar et al. noted that for monolithic mater-
1als the first non-central zero of the variation of
the in-phase or “real” part of the tangential com-
ponent of the beam deflection varies linearly with
inverse root frequency on the photothermal defl-
ection method (mirage method). In this paper,
this feature on mirage method applies to the
photothermal displacement method (Salazar et
al., 1989).

It is known that the zero-crossing position
depends only on the thermal diffusivity, the pump
beam radius and the modulation frequency. Con-
sidering this relation, as shown in Fig. 9, the
simple relation equation is obtained at the fixed
pump beam radius. There is a linear relation
between the zero-crossing position and thermal
diffusion length (a@/zf)'* that is determined by
the thermal diffusivity and the modulation fre-
quency like Fig. 9. Therefore, the zero-crossing
position is found from this relation and the ther-
mal diffusivity can be easily obtained from it.
However this technique cannot be applied to the
materials or experimental conditions whose L s/
L is higher than 0.4, due to the disappearance of
the zero. And when L/ <0.2, the best fitting
relation between r0 and thermal diffusion length
is in the form of the linear expression in Eq. (12).

Lu=CintC (12)

Like Eq. (13), thermal diffusivity is determined
by a simple equation from the definition of ther-
mal diffusion length and Eq. (12)

a=xf [ Cin+ CJ? (13)

where the pump beam radius is 55 gm, C; and C;
are 0.431 and —9.912 X 1073, respectively.

It is a merit that the thermal diffusivity can be
determined very easily at a fixed pump beam
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Table 2 Comparison of the measured thermal diffu-
sivity and literature value (Shackelford,
2000) . a1, @p. am, and @; are literature value,
measured thermal diffusivity using phase
curve, measured thermal diffusivity using
minimum position, and measured thermal
diffusivity using zero-crossing position, re-
spectively

Thermal diffusivity ( X 10°[m?%/s])

& ap Am @z
Copper 11.6 11.54 11.5 11.29
Iron 23 2.33 2.29 2.36
Zinc 4.4 4.43 4.39 4.26

radius using the relation presented in this study
between the thermal diffusion length and zero-
crossing position. It was found that the maximum
difference is about 3% of the literature value
when L /L <0.2. Regardless of the material and
the sample thickness, the quantitative agreement
between the theoretical curve and experimental
result is excellent as shown in Fig. 9.

These methods of converting of the measured
minimum position of the phase and the zero-
crossing position of the real part of deformation
gradient to the thermal diffusivity by a simple
correlation is very convenient compared to other
methods. An interesting feature of the method is
a direct measurement of the thermal diffusion
length. In Table 2, the results obtained by our
methods are compared with literature values
(Shackelford, 2000).

5. Conclusions

In conclusion, we improved the method of
analysis for the determination of thermal diffu-
sivity using the photothermal displacement meth-
od. To measure the thermal diffusivity easily and
precisely, we consider the “minimum position”
where the phase has a minimum value and the
“zero-crossing position” where the real part of
deformation gradient is zero. Through the relati-
on between the thermal diffusion length and these
value, the following conclusions are obtained :

(1) As the thermal diffusion length, #y be-

comes more distant from the center of pump
beam, the minimum point of phase angle becomes
more distant as well.

(2) The relation between the thermal diffusion
length normalized to the sample thickness (L s/
L) and the minimum position normalized to the
sample thickness (pmi/L) is the same for all
materials. And the zero-crossing position (#) is
linear to the thermal diffusion length. Applying
these methods, it is very simple and easy to
determine the thermal diffusivity with accuracy.

(3) The experimental data obtained by app-
lying these methods for different samples were in
good agreement with the literature values.

(4) The value of the thermal diffusivity is
derived from the minimum position and zero-
crossing position of the photothermal signal.
Therefore, the analysis is independent of the laser
power and many properties of the sample such as
its absorption coefficient, reflectivity, Poisson ra-
tio, thermal expansion coefficient, etc.
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